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OPERATOR SPACE AND OPERATOR SYSTEM ANALOGS 
OF KIRCHBERG’S NUCLEAR EMBEDDING THEOREM 

MARTINO LUPINI 


Abstract. The Gurarij operator space NG introduced by Oikhberg is 
the unique separable 1-exact operator space that is approximately injec¬ 
tive in the category of 1-exact operator spaces and completely isometric 
linear maps. We prove that a separable operator space A' is nuclear if 
and only if there exist a linear complete isometry <p : X —¥ NG and a 
completely contractive projection from NG onto the range of ip. This 
can be seen as the operator space analog of Kirchberg’s nuclear embed¬ 
ding theorem. We also establish the natural operator system analog of 
Kirchberg’s nuclear embedding theorem involving the Gurarij operator 
system G§. 


1. Introduction 

Nuclearity and exactness are properties of fundamental importance for 
the theory of C*-algebras and the classification program. The celebrated 
Kirchberg exact embedding theorem characterizes (up to ^isomorphism) 
the separable exact C*-algebras as the C*-subalgebras of the Cuntz alge¬ 
bra O 2 [RS, Theorem 6.3.11]; see also [K1,KP]. Furthermore the Kirchberg 
nuclear embedding theorem asserts that (up to *-isomorphism) the separa¬ 
ble nuclear C*-algebras are precisely the C*-subalgebras of O 2 that are the 
range of a (completely) contractive projection [RS, Theorem 6.3.12], The 
Cuntz algebra O 2 , initially introduced and studied in [C], is the C*-algebra 
generated by two isometries of the Hilbert space with orthogonally comple¬ 
mentary ranges. 

The main result of this paper is an analog of Kirchberg’s nuclear embed¬ 
ding theorem for operator spaces involving the (noncommutative) Gurarij 
operator space. This is the unique separable 1-exact operator space NG 
which is approximately injective in the category of 1-exact operator spaces 
with completely isometric maps. In other words NG is characterized by the 
following property: for any n G N, £ > 0, finite-dimensional 1-exact op¬ 
erator spaces E C F, and complete isometry cf> : E —>• NG, there exists a 
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complete isometry ij) : F —> NG such that ||^i E — </>|| < £• Such a space 
can be thought as a noncommutative analog of the Gurarij Banach space G, 
which is defined by the same property above where one considers Banach 
spaces instead of 1-exact operator spaces [G,L4,KS]. 

Existence of the Gurarij operator space was first proved in [O], while 
uniqueness was established in [L2]. It is worth mentioning here that, al¬ 
beit being 1-exact, NG does not admit any completely isometric embedding 
into an exact C*-algebra by [L3, Corollary 4.16]. In particular NG is not 
completely isometric to a C*-algebra. 

A separable operator space is 1-exact if and only if it admits a completely 
isometric embedding into NG [L2, Theorem 4.3]. (Modulo uniqueness of 
NG, this also follows from [O, Theorem 1.1] and the proof of [EOR, The¬ 
orem 4.7].) Such a result can be regarded as an operator space version of 
Kirchberg’s exact embedding theorem. In this paper we prove the natural 
analog of Kirchberg’s nuclear embedding theorem for operator spaces: the 
separable nuclear operator spaces are (up to completely isometric isomor¬ 
phism) precisely the subspaces of NG that are the range of a completely 
contractive projection; see Theorem 2.5. 

We also observe that all the results mentioned above hold for operator 
systems, as long as one only considers unital linear maps, and replaces the 
Gurarij operator space NG with the Gurarij operator system GS. Such an 
operator system is uniquely characterized among separable 1-exact operator 
systems similarly as NG, where one considers complete order embeddings 
instead of complete isometries. Existence and uniqueness of such an operator 
system, as well as universality among separable 1-exact operator systems, 
have been established in [L3]. The analog of Kirchberg’s nuclear embedding 
theorem in this context asserts that the separable 1-exact operator systems 
are (up to complete order isomorphism) precisely the subsystems of GS that 
are the range of a unital completely positive projection; see Theorem 3.3. 

It is worth mentioning that it should come as no surprise that, while the 
Kirchberg’s embedding theorems involve the Cuntz algebra 0-2, their oper¬ 
ator space and operator system versions involve the Gurarij operator space 
and operator system. In fact by [KP, Theorem 1.13 and Theorem 2.8] any 
separable exact C*-algebra embeds into O 2 , and any two unital embeddings 
of a separable unital exact C*-algebra into O 2 are approximately unitar- 
ily equivalent. It therefore follows from [BY, Theorem 2.21] that finitely 
generated exact unital C*-algebras form a Fra’isse class with limit O 2 ■ The 
Gurarij operator space and operator systems can be similarly described as 
the Frai'sse limits in the sense of [BY] of the classes of finitely-generated 
1-exact operator spaces and operator systems; see [L2,L3]. It is therefore 
natural to expect that they exhibit similar properties as O 2 in the respective 
categories. 

The present paper is organized as follows. In Section 2 we prove the 
above mentioned results concerning operator spaces. We recall a few basic 
notions about operator spaces in Subsection 2.1. Subsection 2.2 contains 
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canonical approximate amalgamation results for operator spaces, while a 
characterization of nuclearity is recalled in Subsection 2.3. The operator 
space analog of Kirchberg’s nuclear embedding theorem is then proved in 
Subsection 2.4. The analogous results for operator systems are stated in 
Section 3. The proofs are similar, and only the relevant changes to be made 
from the operator space case will be pointed out. 

Acknowledgments. We are grateful to Isaac Goldbring, Ilijas Farah, Timur 
Oikhberg, and Todor Tsankov for useful conversations concerning the sub¬ 
ject of this article, to Eusebio Gardella for providing references for Kirch¬ 
berg’s embedding theorems, and to Ali Kavruk for referring us to [X]. 


2. Nuclear operator spaces 


2.1. Some background notions on operator spaces. An operator space 
A is a closed subspace of the algebra B ( H ) of bounded linear operators 
on a complex Hilbert space H. The identification of the space M n (A) 
of n x n matrices with entries in A with a space of operators on the re¬ 
fold Hilbertian sum H® n induces, for every re G N, a norm M n ( X ) (the 
operator norm). The matricially normed vector spaces that arise in this 
way have been characterized by Ruan [R, Theorem 3.1] as those satisfying 
the following condition: 


m 


m 


m 

y ^a*.Xj.Pi 

i= 1 

< 

J2 a i a i 
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max ||xj|| 

1 <i<m 

i =1 


where m £ N, £ M/. xn (the space of complex k x re matrices), x % £ 

Mk(X), the norm of scalar matrices is the operator norm, and a*.x ;$./% 
denotes the row-column matrix multiplication. The identification of M n 
with B ( H ) where H is the re-dimensional Hilbert space induces a canonical 
operator space structure on the space M n of re x re complex matrices. 

If ip : X —> Y is a linear map between operator spaces, its re-th amplifica¬ 
tion is the map p>^ : M n (A) —» M n (Y) obtained by applying ip entrywise. 
We set ||</?|| n := ||<^ n )|| and 11^|let := sup n ||</?|| n . The map ip is completely 
bounded if ||</?|| c ft < +oo, completely contractive if ||<^||cfe £ 1, and completely 
isometric if <p^ is isometric for every reel In the following all the maps 
are supposed to be linear. 

If A is an operator space and q £ N, then MIN g (A) is the operator space 
with same linear structure as A and matrix norms 


• x llM fc (MIN ? (A')) 


sup 

<P 


(x) 


M k (M q ) 


for x £ Mfc (A), where <f> ranges over all complete contractions from A to 
M q . The space MIN g (A) is characterized by the following property [OR, §2]: 
for any operator space Z and linear map p> : Z —* A, one has that 


\\<P- Z^ MIN, (A)|| c& = jjtp : Z —>■ X 
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Following [LI], we say that X is an M q -space if the identity map id : 
MINq (X) —» X is a complete isometry. In an M q - space X the norms on 
Mfc (X) for k ^ q are completely determined from the norm in M q (X). 
Therefore one can regard an M q - space as a linear space X with a norm 
on M q (X). The spaces arising in this way can be abstractly characterized 
by the analog of Equation (1) where only matrices of size q are considered 
[LI, Theoreme 1.1.9]. Furthermore M^-spaces are precisely the operator 
spaces that admit completely isometric embedding into C (.K,M q ) for some 
compact Hausdorff space K. Adopting this point of view, Banach spaces can 
be identified with Mi-spaces. The characterizing property of MIN 9 shows 
that if p : X —>• Y is a linear map between M q - spaces, then ||<^|| c6 = ||^|| . 
Furthermore the inclusion functor from the category of M q - spaces to the 
category of operator spaces determines an equivalence of categories with 
inverse the functor MIN g . 

A finite-dimensional operator space X is defined to be 1 -exact if for every 
e > 0 there exist n € N and a completely contractive injective map (p : X —> 
M n such that ||</7~ 1 || . < 1 + e [P2, §17]. (Here and in the following, if p is 
an injective not necessarily surjective map, we denote by p^ 1 the inverse of 
p regarded as a map from the range of p to the domain of p.) Equivalently 
X is 1-exact if and only if for every e > 0 there exists g£N such that 

\\idx '■ MINg (X) -A X|| c6 < 1 + e. 

An arbitrary operator space X is then 1-exact if every finite-dimensional 
subspace of X is 1-exact. Clearly any M q - space is 1-exact, and the 1-exact 
operator spaces are those that can be locally approximated by M q - spaces. 

An operator space X is nuclear [ER2, §14.6] if for every finite subset A of 
X and e > 0 there exist n € N and completely contractive maps p : X —> M n 
and i/’ : M n —> X such that ||(^ o </>) ( x ) — ,x|| < e for every x € A. A nuclear 
operator space is in particular 1-exact [ER2, Corollary 14.6.2], More details 
about operator spaces can be found in the monographs [ER2,P2,BLM,P1], 
The notion of M q - space has been introduced and studied in [LI], and used 
in [OR, 0,L2]. 

The Gurarij operator space NG has been defined in [O] to be a separa¬ 
ble 1-exact operator space satisfying the following approximate injectivity 
property: whenever E C F are finite-dimensional 1-exact operator spaces, 
p : E —>• NG is a complete isometry, and e > 0, then can be extended to a 
linear map (j) '■ F —> NG such that 11011 c fo 11 1 11cfc. < 1 +£. The uniqueness of 
such a space up to complete isometry has been proved in [L2], where more¬ 
over several equivalent characterization of NG can be found; see [L2, Propo¬ 
sition 4.8]. It is furthermore proved therein that a separable operator space 
is 1-exact if and only if it embeds completely isometrically into NG [L2, The¬ 
orem 4.9]. This can be regarded as an operator space analog of Kirchberg’s 
exact embedding theorem [RS, Theorem 6.3.11]. Theorem 2.5 below pro¬ 
vides an operator space analog of Kirchberg’s nuclear embedding theorem: a 



ANALOGS OF KIRCHBERG’S EMBEDDING THEOREM 


5 


separable operator space X is nuclear if and only if it embeds completely iso- 
metrically as a subspace of NG that is the range of a completely contractive 
projection. 

2.2. Amalgamation of operator spaces. The proof of the following lemma 
is similar to the proof of [L2, Lemma 3.1]. We present here the main ideas 
for convenience of the reader. 

Lemma 2.1. Suppose that X, X,Y are Af^-spaces, k G N, and <5 > 0. 
Let 0 : X —> X and f : X Y be linear maps such that 0 is injective, 
and ||/°0 _1 || cfe < 1 + <5. Then there exist an Af^-space Y, a complete 
contraction / : X —» Y, and a complete isometry j : Y —> Y such that 

j ° f — f ° 4> < S. If / is injective and ||0 ° f" 1 || cfe < 1 + S, then / 

is completely isometric. If X, Y are finite-dimensional, then Y is finite¬ 
dimensional. The space Y has the following property. If Z is an M q - space, 

and g : X Z, i : Y Z are completely contractive maps such that 

II i ° f ~ 9 ° 0||fc < <5, then there exists a unique linear map r : Y —)• Z such 
that t o f = g and to j = i. Moreover r is completely contractive. 

Proof. Let X © Y be the algebraic direct sum of X and Y. Consider the 
collection T of linear maps from X (BY to M q of the form 

0, y) i—> 0 X (x) + 0 Y ( y ) 

where Ox ■ X —> M q and Oy : Y —> M q are completely contractive maps such 

that ||Ox ° 4> — Oy o f\\ k < 5. Let Y be the operator space obtained from the 

vector space X(BY and the collection of linear maps J- as in [BLM, §1.2.16]. 

Observe that Y is in fact an Af^-space. Let / : X —>• Y and j : Y —> Y 

be the linear maps induced by the first and second coordinate inclusions. 

It follows immediately from the definitions that / and j are completely 

contractive maps such that f ° <j> — j ° f < 5. It remains to show that j is 

k 

a complete isometry. Suppose that y G M q (Y) and r/ : Y —t M q is a complete 
contraction such that ||y|| = ||t 7 ^ (y)||. Then (j) o f o 0 _1 ) : 0 [A] —> M q 
is a complete contraction and hence it extends to a complete contraction 
0 : X —» M q by injectivity of M q in the category of Airspaces and complete 
contractions; see [LI, Proposition 1.1.16]. Observe that ||0 o f — rj o /|| < 6. 
Therefore we have that 

| j (q) (y)|| > \\v iq) (y)| > llyll • 

This concludes the proof that j is a complete isometry. The proof that 
/ is a complete isometry under the assumption that / is injective and 
||0o /~ 1 || cb < 1 + 5 is entirely analogous. Suppose now that Z is an Air¬ 
space, and g : X —> Z and i : Y —>■ Z are completely contractive maps such 
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that \\i o f — g o (f)\\ k < 5. Then setting 

r((x,y) + N) = g (x) + i (y) 

gives a well defined complete contraction r : Y —> Z. It is not difficult to 
verify that t satisfies the desired conclusions. □ 


A minor modification of the above argument provides the following straight¬ 
forward generalization. 


Lemma 2.2. Suppose that k,N € N, X n , X n . Y for n < N are finite¬ 
dimensional M q - spaces, k < q, and 8 n > 0. Suppose that f n : X n —> X n 
and f n : X n —> Y are linear maps such that 

max{||/ n o^- 1 || fc ,|| ( /> n o/- 1 || A; } < l + 5 n 


for every n < N. There exists a finite-dimensional M q - space Y, a complete 
isometry j : Y —> Y and complete isometries f n : X n —> Y such that 


fn ° fn j ° fn 


< 5 n for every n < N. Moreover if Z is an AL-space, 


g n : X n -A Z and i : Y —> Z are completely contractive maps such that 
Wdn ° fn ~ i ° fn\\k — $n, then there exists a unique linear map r : Y -a- Z 
such that to j = i and to f n = g n . Furthermore r is completely contractive. 


We will refer to the space Y constructed in Lemma 2.2 as the k-amalgamated 
coproduct over Y of the maps f n : X n —> Y n and f n : X n —> Y with tolerance 
5 n for n < N. 


2.3. A characterization of nuclearity. In the proof of the main theorem 
we will need the following characterization of nuclearity for operator spaces. 

Lemma 2.3. Suppose that Z is a 1-exact operator space. The following 
statements are equivalent: 

(1) For every finite-dimensional operator spaces E,F, 8 > 0, linear maps 
f : E —)• F and / : E —>■ Z such that f is injective and ||/ o </> -1 || cb < 
1 + 8, there exists a completely contractive map g : F —» Z such that 
\\ g\E ~ f || < 5; 

(2) For every 5 £ ff, subspace E C M q . completely contractive linear 
map f : E Z, and e > 0, there exists a completely contractive 
map g : M q — > Z such that \\g ° f — f\\ < s; 

(3) Z is nuclear. 

Proof. The argument is straightfoward. For convenience of the reader, we 
sketch below the proofs of the nontrivial implications. 

(2) =^(3): Suppose that a is a tuple in Z and e > 0. Fix 8 > 0 
small enough. Pick q £ N, a subspace E of M q and a completely 
contractive linear map / : E —> Z with range span (a) such that 
H/- 1 !! < 1 + 8. By assumption there exits a completely con¬ 

tractive map p : M q —>• Z such that \\p — f\\ cb < 8. Observe now 
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that 7 := 1 : span (a) -A M q is completely contractive and 

||p ° 7 (a») — a,i\\ < e for 6 small enough. 

(3)=>(1): Suppose that E, F are finite-dimensional 1-exact operator 
spaces, 5 > 0, and n £ N. Fix linear maps <f> : E —A F and / : E —» Z 
such that 4> is injective. Set |/ o cf" 1 1| = 1+rj and let e be a strictly 

positive real number. Since Z is nuclear there exist q £ N and 
completely contractive maps p : Z —> M q and 7 : M q —>• Z such that 
||7 o p o / — /|| < e. By injectivity of M & there exists a completely 
contractive map h : F -A M*. that extends jT_ (po/o</ -1 ). Let 
then g be 7 o h and observe that \\g o / — f\\ < rj + e. 

□ 

2.4. The nuclear NG-embedding theorem . The main result of this 
section is Theorem 2.5, characterizing separable nuclear operator spaces as 
the ranges of completely contractive projections of the Gurarij operator 
space. The proof is inspired by a characterization of retracts of certain 
Fraisse limits due to Dolinka; see [D, Theorem 3.2], Dolinka’s result has 
later been extended by Kubis in [K2] to more general Fraisse limits. The 
forward implication in Theorem 2.5 has already been obtained by Oikhberg 
[O, Theorem 1.1] under the stronger assumption that the operator space X 
is an OC 0 0> i + space as defined in [ER1]. 

Fix a sequence (e n ) of strictly positive real numbers such that e n < 2~ 2n 
for every n £ N. We say that a subset D of a metric space X is e-dense 
for some £ > 0 if every element of X is at distance at most e from some 
element of D. For rn £ N let D m be a finite e m -dense subset of the unit ball 
of M m and let be an enumeration of the finite tuples from D m . Set 

E m ,i = ( a m ,i) C M m for i, rn £ N. 

Assume that (Z n ) is a direct system of finite-dimensional 1-exact operator 
spaces with completely isometric connective maps j n : Z n -A Z n+ Suppose 
that D% C Ball (Z n ) is an £ n -dense hnite subset of Z n . Define Z to be the 
corresponding direct limit, and identify Z n with its image inside Z. 

Lemma 2.4. Suppose that for any i,m £ N with i. m < n and complete 
contraction / : E rnq — > Z n such that / (a m ,i) C there exists a complete 

isometry f : M m ->• Z n+1 such that f\ E -jn°f < ||/~ 1 || cfo — 1 + ^ri- Then 
Z is completely isometric to NG. 

Proof. Observe that Z is separable and 1-exact. By [L2, Proposition 4.8] it is 
enough to show that if E C M m , g : E —» Z is a complete isometry, and 6 > 
0, then there exists a complete isometry g : M m —>• Z such that \\d\E ~ 9 1| < 
5. The “small perturbation argument”—see [BO, Lemma 12.3.15]—shows 
that, for such a g and 5 > 0, there exist n> i,m and a complete contraction 
/ : E m j -A Z n such that e n < 5, f (a m i ) C D%, f^ 1 < 1 + S, and 

cb 

II/- 5 II < <5. The conclusion then follows easily by applying the hypothesis 
to/. □ 
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Theorem 2.5. Suppose that X is a separable 1-exact operator space. Then 
X is nuclear if and only if there exist a complete isometry f '■ X —>• NG and 
a completely contractive projection of NG onto the range of <f. 

Proof. It follows easily from the characterizing property of NG and Lemma 
2.3 that NG is nuclear. Therefore the range of a completely contractive 
projection of NG is nuclear as well. Conversely, suppose that X is a nuclear. 
Our goal is to construct an operator space Z completely isometric to NG, 
a completely isometric embedding i] : X —> Z, and a completely contractive 
map 7T : Z — > X such that it o r/ = idx • We will define by recursion on n 

• an increasing sequence (q n ) in N such that q n > n, 

• an increasing sequence (X n ) of finite-dimensional subspaces X with 
inclusion maps i n : X n —> X n +\ such that (J n -W. is dense in X and 

\\idx n '■ MINq, n (X n ) —> X n || c6 < 1 + £ni 

• an inductive sequence ( Z n ) of finite-dimensional 1 -exact operator 
spaces with completely isometric connective maps j n : Z n Z n +\ 
such that Z n is an Af gn -space, 

• completely isometric maps ?y n : MIN gri (X n ) Z n such that 

|| jn ° Vn Vn +1 ° ^n|| 5: £-m 

• complete contractions TT n : Z n —» X n such that 

IK +1 O j n - i n o TT n \\ < £ n and ||7T n o fjn id Xn || < £ n , 

• finite e n -dense subset of Ball(X n ) and of Ball ( Z n ) such that 
in [D%] C D% +1 , j n [D%] C D% +1 , and 7r n [D%\ C D* , 

such that 

( 1 ) For every i. m < n and / : E m ,i —> X n complete contraction such 
that / (a rn ,i) C D* there exists a complete contraction / : M m —> 
X n+ i such that f\ E ~ in °f < £n\ 

(2) For every i,m < n and / : E m i —y Z n complete contraction such 
that / (a rn ,i) C Dn there exists a complete isometry / : M m —> Z n +1 
such that f\ E -jn°f < ||/~ 1 || c6 - 1 + £ n- 

Fix a dense sequence (w n ) in X. For k = 1, let X\ = spanjtci}, q\ large 
enough such that \\idx 1 : MIN ?1 (X\) Xi\\ cb < 1 + ei, and define Z\ = 
MIN gi (Xi). Suppose that Xk, Zk, 7 Tfc, rjk-i, jk-i have been defined for k < n. 
Observe that Condition ( 1 ) above concerns only finitely many functions /. 
Therefore one can find a subspace X n +\ of X containing X n U {u; n+ i} and 
satisfying Condition (1) by applying finitely many times Proposition 2.3 and 
the fact that X is nuclear. Pick q n +i > max{n + 1, q n } such that 

11id : MIN (?n+1 (X n +i) —>■ X n+ i|| cb < 1 + £ n +i. 

Let Z n+ 1 be the 1-amalgamated coproduct of M qn+1 -spaces over Z n (see 
Lemma 2.2) of the maps ij n : MIN gii (X n ) Z n and i n : MIN gn (X n ) —> 
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MIN gn+1 (X n ) with tolerance e n and of the maps / : E m ^ —> Z n and E m , L ^a 
M m (inclusion map) with tolerance ||/ _1 || cfc — 1 + e n , where m,i range in 
and / range among all the (finitely many) injective complete 
contractions such that f (a m ,i) C D%. Let j n : Z n -A Z n+ \ and r / n+ 1 : 
MIN 9n+1 (X n+ i) -A Z n+ 1 be the canonical complete isometries such that 
\\j n o r] n — rj n -|_i o i n || < e n . It remains to define the complete contraction 
7r n+ i : Z n+ 1 -A X n+ \. Observe that i n o ir n : Z n -a X n+ \ is a complete 
contraction such that 


| in ° 7Tn ° Vn ln\\ E £ r 


Furthermore for every i,m < n and for any complete contraction / : E m l —> 
Z n such that / ( a m ,i) C . TT n o f : E mi -a is a complete contraction 
such that (7r n o/) (a m j) C D*■ Therefore by Condition (1) there exists a 
complete contraction g : M m -A such that 


9\Em } i 


(in o 7T n ) O / 


< £, 


It follows from the universal property of the 1-amalgamated coproduct that 
there exists a complete contraction n : Z n +\ -A MIN 9ri+1 (X n+ i) such that 
Vn +1 o 7T = idx n+1 and 7r o j n = i n o n n . Define then 7r n+ i = tt. This 

concludes the recursive construction. We now define Z to be the direct limit 
lirn^j Z n , tt := lim n 7r n , and // := lim n r/ n . It is immediate to verify that 
the conditions above ensure that tt and r\ satisfy the desired requirements. 
Furthermore Z is completely isometric to NG by Lemma 2.4. □ 


3. Nuclear operator systems 

3.1. Some background notions about operator systems. An operator 
system is a closed subspace X of B ( H ) that contains the identity operator 
(the unit ) and it is closed by taking adjoints. The inclusion X C B (EL) 
and the identification of M n (X) with a subspace of B (H® n ) defines posi¬ 
tive cones on all the matrix amplifications of X. These are induced by the 
notion of positivity in B (H). (An operator T € B (H) is positive provided 
that (T£,£) > 0 for any £ € H.) The Choi-Effros characterization [CE, The¬ 
orem 4.4] provides an abstract characterization of operator systems among 
the matricially ordered vector spaces endowed with a linear involution (the 
adjoint map) and a distinguished element (the unit). An operator system is 
in particular an operator space, and an abstract characterization of operator 
systems among operator spaces with a distinguished element (the unit) has 
been given in [BN], 

A map (p between operator systems is unital if it maps the unit to the 
unit, positive if it maps positive elements to positive elements, and com¬ 
pletely positive if all its amplifications are positive. A fundamental fact 
about operator spaces is that the matricial order structure determines the 
matricial norms, and vice versa. This implies that a unital linear map be¬ 
tween operator systems is completely positive if and only if it is completely 
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contractive. A unital completely positive linear map will be in the following 
simply called a ucp map. A surjective ucp map with ucp inverse is called a 
complete order isomorphism. A complete order embedding is a complete or¬ 
der isomorphism onto its image. Observe that a complete order embedding 
is in particular a complete isometry. 

The minimal operator system structure OMINg (A) on an operator sys¬ 
tem A has been introduced and studied in [X], This is defined similarly as 
MINg (A) by only considering ucp maps. It is shown in [X] that OMINg (A) 
has analogous properties as MINq (A) as long as one replaces (completely) 
contractive linear maps with (completely) positive unital linear maps; see 
[L3, §2.7]. An M q -system will then be an operator system A such that 
the identity map id : OMIN (A) —> X is a complete order isomorphism or, 
equivalently, A admits a complete order embedding in C ( K , M q ) for some 
compact Hausdorff space K. The notions of 1-exact and nuclear operator 
systems can be defined as for operator spaces by replacing complete con¬ 
tractions with ucp maps. It turns out that an operator system is 1-exact 
or nuclear, respectively, if and only if it is 1-exact or nuclear as an operator 
space; see [HP, Theorem 3.5] and [KPTT, Proposition 5.5]. 


3.2. The nuclear GS-embedding theorem . The approximate amalga¬ 
mation results for operator spaces from Subsection 2.2 carry over with little 
change to the operator systems case. The only extra ingredient needed is 
[L3, Lemma 3.3]. 


Lemma 3.1. Suppose that N £ N, A n , X n , Y for n < N are finite-dimensional 
Mg-systems, k < q, and 5 n G [0, 1] for n < N. Suppose that 4> n : X n —>• X n 
and f n : X n —> Y linear maps such that 

max{||/„ ° fn 1 ^} <l + S n 

for every n < N. There exists a finite-dimensional Mq-system Y , a complete 


isometry j : Y -A Y and complete isometries f n : X„ 


Y such that 


- 3° fr 


< 100 dim (A n ) 6^. Moreover if Z is an Mq-system, 


fn ° < 

^ lift 

g n : X n — > Z and i : Y Z are ucp maps such that \\g n o <f> n — i o f n \\ k < 
1 ^ 

100 dim (X n ) , then there exists a unique linear map r :Y —>■ Z such that 

t o j = i and r o f n = g n . Furthermore r is ucp. 


The following characterization of nuclearity for operator systems can then 
be proved similarly as 2.3. Again one needs to use [L3, Lemma 3.3]. 

Lemma 3.2. Suppose that Z is a 1-exact operator system. The following 
statements are equivalent: 

(1) For every finite-dimensional operator systems E,F, 5 > 0, unital 
linear maps 4> : E —>• F and / : E —)• Z such that <f> is injective 
and || / o <?i _1 || c6 <1 + 5, there is a ucp map g : F —>• Z such that 

|| 9\e - f || < 100 dim (E) 5^; 
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(2) For every q G N, E C M q subsystem, ucp map / : E -A Z, and 
e > 0, there exits a ucp map g : F -A Z such that \\g o cj) — f\\ < e; 

(3) Z is nuclear. 

The operator system analog of Kirchberg’s nuclear embedding theorem 
can also be obtained with similar methods as Theorem 2.5. 

Theorem 3.3. Suppose that X is a separable 1-exact operator system. 
Then X is nuclear if and only if there exist a complete order embedding 
0 : X -A G§ and a unital completely positive projection of G§ onto the 
range of <f>. 

In order to prove Theorem 3.3 one can proceed as in the proof of Theorem 
2.5, by replacing [L2, Proposition 4.8] with the characterization of G§ given 
by [L3, Proposition 4.2], All linear maps should be replaced by unital linear 
maps. In this setting the functor OMIN^ plays the role of MIN ? . 
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